Introduction
The advent of fabrication and lithographic techniques in semiconductors has led to the development of an entire new branch of solid-state physics-the physics of electrons on the mesoscopic scale. Electrons which are confined in one or more spatial directions exhibit unique properties not found in bulk samples. Many of these properties can be traced to the restriction in phase-space and the increased influence of interactions which result from the reduced dimensionality.
The archetypical reduced-dimensionality electronic device is the two-dimensional electron gas (2DEG), which has been studied for several decades. The first two-dimensional electron gases with adjustable density were created at the interface between silicon and SiO 2 in MOSFETs (metal oxide semiconductor field effect transistors). With the development of molecular beam epitaxy, III-V materials such as GaAs were used to create 2DEGs. Molecular beam epitaxy (MBE) is currently the method of choice for producing the high quality devices which are used to study the properties of 2DEGs.
In addition to making single 2DEGs, it is possible using MBE to fabricate two 2DEGs very close to each other (i.e. within nanometres). Recently, experimentalists have succeeded in contacting each of the 2DEGs separately, which yields a host of opportunities to study 2DEGs in novel ways not possible with just single layer electron gases. For example, if the barrier between the 2DEG layers is thin enough, hopping from one layer to the other is possible. Then, tunneling spectroscopy can be done on this coupled system, which provides information on the spectral functions of the electron states (Murphy et al. 1995) .
For thicker barriers the hopping is suppressed, but the separated layers still can affect each other if the Coulomb or other inter-layer interactions are significant. In particular, if electrons in one layer drift relative to the other, the inter-layer interactions will cause a net momentum transfer between the layers. This results in a friction-like force which opposes the relative motion of the electrons in the separated layers; i.e. the electrons on one layer appear to drag those in the other. The magnitude of this frictional drag force provides important information about the 2DEGs and the effective interlayer forces. Fig. 1 . Schematic diagram of a frictional drag experiment in a coupled 2DEG. A current J1 is passed through layer 1, and the interlayer interaction induces a transfer of momentum to the carriers in layer 2, dragging these carriers along. In the steady state, charges in layer 2 pile up on one side of the sample, producing an electric field E2 which negates the drag force. This electric field can be measured experimentally.
Experimental activity in this area is vigorous (Gramila et al. 1991; Sivan et al. 1992; Rubel et al. 1995 Rubel et al. , 1996a Rubel et al. , 1996b Rubel et al. , 1997 Hill et al. 1996 Hill et al. , 1997 Patel et al. 1997; Lilly et al. 1998; Feng et al. 1998; Noh et al. 1998) , and many observations are still not fully understood. A typical frictional drag experiment set-up is shown schematically in Fig. 1 . In these experiments, current is driven through one layer, denoted in this paper by layer 1, and the voltage response caused by the interlayer coupling is measured in layer 2. Measurement of the current density in layer 1, J 1 , and the electric field response in layer 2, E 2 , in the linear-response regime yields the transresistivity tensor,
In an isotropic system without a magnetic field, E 2 and J 1 are parallel by symmetry and the transresistivity is given by a scalar ρ 21 . This holds true in many experimental systems such as double electron layers in GaAs quantum wells at B = 0. For simplicity, I assume in this paper that ρ 21 is a scalar; the generalisation to non-isotropic systems is straightforward. In many of the earlier experiments (e.g. Gramila et al. 1991; Sivan et al. 1992 ) the coupling between the electrons in the different layers was weak; that is, to describe these experiments, it was sufficient to employ theories which treat the interlayer coupling as a weak perturbation and to use a lowest non-vanishing order expansion in the perturbation parameter. Recently, however, one particular experiment (Lilly et al. 1998) reported results which are inconsistent with the weak coupling theory. The obvious conclusion from this is that the weak coupling theory is insufficient, and we need to consider the effects which go beyond weak coupling. The purpose of this paper is to describe the formalism of drag in the strong interlayer coupling regime, and to briefly describe possible experimental consequences of this theory.
The paper is organised as follows. In Section 2, I describe the Hamiltonian and the Kubo formalisms which are used to calculate the transresistivity. In Section 3 I briefly review the theory of drag in the weak-coupling regime. The formalism for the strong-coupling theory is described in Section 4. A discussion of the results and possible experimental consequences is given in Section 5.
The Hamiltonian and Kubo Formalisms
The model Hamiltonian I utilise for the system is
are the field operators of layer i = 1, 2 (drive and drag layers respectively), k is the momentum, σ is the spin index,ρ i (q) = kσĉ † i,kσĉ i,k+qσ is the density operator and U is the Fourier transform of the interlayer interaction. The first term describes the two ideal noninteracting uncoupled 2DEGs, the second term describes the coupling between the electrons in different layers,Ĥ intra describes the intralayer interactions andĤ imp describes the effect of impurities and disorder in the system, which is normally modelled by uncorrelated static disorder potentials.
The most rigorous theoretical approach to calculating linear-response at non-zero temperatures is the Kubo formalism using Matsubara Green functions. In the case of drag in coupled 2DEGs, this formalism gives a formal expression for the trans conductivity σ 21 = J 2 /E 1 in terms of the current-current correlation function (Mahan 1990; Kamanev and Oreg 1995; :
are the Heisenberg picture current operators in layer i, β = T −1 , Ω n is a Matsubara boson frequency, and · · · denotes thermal averaging. (Here e i , m i and A are the charge, effective mass and area of the ith layer. Note that there is no diamagnetic term because the current operators are in different layers. Also,h, k B = 1 in this paper.)
The transconductivity is related to the transresistivity by a simple matrix inversion,
The approximate equality comes from |σ 21 |, |σ 12 | σ 11 , σ 22 in most cases. The current-current correlation in equation (4) can be evaluated by standard diagramatic techniques. When the interlayer coupling is weak, we can calculate σ 21 by expanding the correlation function in powers of the interlayer coupling and evaluating the lowest non-vanishing order term, as I describe in the next section.
The Weak-coupling Regime
The vast majority of previous formal theoretical treatments of this system assume that the interaction between the carriers in the two layers is weak (Tso et al. 1992; Jauho and Smith 1993; Zheng and MacDonald 1993; Kamanev and Oreg 1995; Bønsager et al. 1997) , and hence the Born approximation is adequate in describing the physics. The weak-coupling regime holds for most of the earlier experiments done on drag. The transresistivities observed in these experiments appear to extrapolate quadratically towards zero as the temperature is lowered into the milli-Kelvin regime. This observation is consistent with the weak-coupling regime for Fermi liquids, as shown below.
In the weak-coupling regime, the static transconductivity to first order in the interlayer interaction is zero, and the lowest nonvanishing order is given in an isotropic system by the second-order term * (Flensberg et al. 1995a; Kamanev and Oreg 1995; Bønsager et al. 1997 )
where U 21 (q, ω) is the Fourier transform of the effective interlayer interaction. The ∆ are given by the analytic continuation of the correlation function
where T τ is the imaginary-time ordering operator, and ω n , ω n are Matsubara boson frequencies. It can be shown (Kamanev and Oreg 1995; that ∆(q, ω) is related to the non-linear direct current density response. If a moving external potential φ(r, t) = Φ 0 e i(q·r−ωt) is imposed on the system, then to second order in the potential the DC current density J dc in the q-direction is given by
(8) * Note that, to cut down the number of redundant variables, the definition of the ∆ i in this paper differs slightly from the one given in and Bønsager et al. (1997) .
It is obvious from symmetry that a static potential will not induce a DC current, and hence lim ω→0 ∆(q, ω) → 0. In many cases, the ∆(q, ω) is given by the susceptibility of the system (Zheng and MacDonald 1993; Kamanev and Oreg 1995; Flensberg et al. 1995a) , namely
where τ tr is the transport time and χ(q, ω) is the bare polarisability of the 2DEG. Let us examine equation (6) in the limit where T → 0. Rescaling the ω integral by x = ω/2T , we find
Let us assume that H(ω) ∼ ω α as ω → 0. Substituting this form into equation (10b) gives
When α ≤ 1, clearly perturbation theory breaks down and the above expressions are invalid. When α > 1, perturbation theory is valid and equation (11) indicates that in the weak-coupling regime, as T → 0 the transresistivity must go to zero faster than linearly in T . For example, in weakly Coulomb coupled two-dimensional Fermi liquid systems, H(ω) ∼ ω 2 , and hence ρ 21 (T → 0) ∼ T 2 , in agreement with the early frictional drag experiments (Gramila et al. 1991; Sivan et al. 1992) .
It is clear from equation (11) that when the weak-coupling description holds, the transconductivity (and hence the transresisitivity) must go to zero at least linearly with temperature as the temperature goes to zero. There is, however, an experiment where the observed transresistivity seems to violates this weak-coupling condition.
The Strong-coupling Regime
In a recently reported experiment (Lilly et al. 1998) , there is evidence that under certain conditions the transresistivity asymptotically approaches a non-zero value as T → 0. This surprising result is still not completely understood. The experiment was done on very clean samples at very high magnetic fields. Drag was measured when the B-field gave a filling fraction in the lowest spin-split Landau level of ν = 1 2 . At this filling fraction, the flux quanta tend to bind to the electrons, and since there are two flux quanta per electron, the composite particle plus magnetic flux behave like fermions with a renormalised mass (for a review of composite fermions see Jain 1997). The theory developed for electrons should in principle be valid in the case of composite fermions, with appropriately modified ∆ and U . This route has been taken to calculate ρ 21 (T ) at ν = Sakhi 1997; Ussishkin and Stern 1997) , and it was discovered that the diffusive nature of the effective ∆ ∝ χ(q, ω) at low q and ω for the composite fermions leads to the transresistivity which goes as ρ 21 (T → 0) ∝ T 4 3 . There is some evidence in Lilly et al. (1998) which points to this behaviour, and this temperature dependence is in accord with weak-coupling theory. The interesting part of the experimental data occurred at T < 200 mK. The transresistivity appears to saturate at a non-zero value as T → 0. It is clear from the discussion in Section 3 that, if these observations are correct, a weak-coupling theory is insufficient.
(4a) Asmalazov-Larkin Contribution in Composite Fermion Drag
The first attempt to go beyond weak coupling was made by Ussishkin and Stern (1998). They specifically studied the composite fermion case. They considered the so-called Asmalazov-Larkin diagrams, which give the largest correction to the lowest-order result for the conditions of the experiments described in Lilly et al. (1998) . Physically, these diagrams correspond to pairing fluctuations which occur above the predicted (but still not observed) critical temperature T c at which a phase transition to a paired state occurs (Bonesteel et al. 1996) . They concluded that the transresistivity would diverge as
where ρ
21 is the weak-coupling transresistivity. The Azmalazov-Larkin diagrams were first considered in the context of superconducting fluctuations above the transition temperature. It was found that when the system was dirty, the Azmalazov-Larkin diagrams gave the dominant contribution (see e.g. Tinkham 1996 , and references therein). As pair-breaking mechanisms are significant in the ν = 1 2 drag problem (Bonesteel et al. 1996) , the system behaves as if it were 'dirty' and hence the Azmalazov-Larkin diagrams dominate.
(4b) Maki-Thompson Contribution
In clean superconducting systems, however, Maki (1968a Maki ( , 1968b and Thompson (1970) found that a different set of terms gave a bigger fluctuation contribution to the conductance when T > T c . If correlations were to develop in clean coupled quantum wells at zero magnetic field, then the Maki-Thompson contributions would be dominant. One particular system of interest is a coupled electron-hole system. It has been postulated for some time that, at low enough temperatures, an exciton-condensate state develops (see e.g. Zhu et al. 1995 , and references therein). The drag signature of this exciton-condensate below the transition temperature has been studied theoretically (Vignale and MacDonald 1996) . However, the effect of pairing fluctuations on the behaviour of the transresistivity above the transition temperature has not yet been examined.
The physical interpretation of the Maki-Thompson contribution was described by Craven et al. (1973) as the 'effect of ephemeral Cooper pairs in the conductivity of normal electrons'. In the case of drag transconductivity, the Feynman diagrams are shown in Fig. 2 . The boxes in the middle of the figures denote the T -matrices, which describe the effect of the ephemeral pairing between the carriers in the different layers, before the pairs break up into quasiparticles. The key physics lies in the T -matrix, as it will describe the pairing which ultimately leads to a paired state condensate at low enough temperatures. In Fig. 2 , T pp and T ph correspond to the particle-particle (pp) and particle-hole (ph) channels respectively. These T -matrices can be evaluated using various approximations, such as the Bethe-Salpeter equation. In this approximation scheme, if the interlayer interaction is assumed to be static, then T pp and T ph depend only on the sum of the energies of the vertices. In the following, I assume that the effective mass model is accurate at the Fermi surface, and hence the velocity is v i = k i /m i . Furthermore, the interlayer interactions U (q) are assumed to be static.
Following the standard diagramatic rules (Mahan 1990) , the current-current correlation function given in equation (4) has the form
Here P and k are the centre-of-mass and relative coordinates defined by
and
is the ratio of the mass of carrier i to the sum of the carrier masses. In obtaining equation (14), we have assumed for simplicity that the impurity scattering is δ-function-like and hence there are no vertex corrections in the current vertices (Mahan 1990) . The generalisation to non-δ-function scatterers is not difficult.
(4c) Evaluation of F
In order to calculate the transconductivity, F has to be evaluated. It can be written as a sum of the particle-particle and particle-hole contributions,
where
Here we have
where G i is the Green function of layer i, k n are Matsubara fermion frequencies and −β ≤ τ ≤ β. By Cauchy's theorem, the summation in equation (18) can be turned into an integral, yielding
Using equation (19) in (17a) and (17b), one obtains a rather daunting expression for the analytically continued F pp (k 1 , k 2 ; iΩ n → ω+i0 + ) and F ph (k 1 , k 2 ; iΩ n → ω+i0 + ) in terms of double integrals over frequencies containing Fermi, Bose, Green and spectral functions, and interaction terms.
The result simplifies if one takes the static limit ω → 0 and assumes that the 2DEGs are clean. In the static limit, the expressions for F pp and F ph contain integrals over frequencies ω involving terms
+ ). In clean samples these terms approach (Mahan 1990) 2 lim
where ξ j,kj is the energy of state k j with respect to the chemical potential of layer j. With these simplifying assumptions, after some algebra one obtains
The generalised optical theorem (Kadanoff and Baym 1962) can be used to rewrite Im[T pp ] and Im[T ph ] in terms of q-integrals over |T pp | 2 and |T ph | 2 terms. Doing so gives an expression for F which, when substituted into equation (13), yields the formal expression for the transconductivity:
Discussion
The result (22) can be interpreted by comparing it to the expressions for the transconductivity derived from the semiclassical Boltzmann equation (Jauho and Smith 1993; . The integral over q corresponds to the sum of all possible momentum transfers between carriers in layer 1 and 2. The term containing |T pp | 2 on the right-hand side of equation (22) can be understood as the contribution of momentum exchange from a particle in state k 1 scattering off a particle in state k 2 , and the |T ph | 2 term can be interpreted as the contribution of a particle in state k 1 scattering off a hole in state k 2 . In the limit where the interlayer coupling is weak, the T -matrices approach the Born approximation result,
and the standard weak-coupling result is regained (Sivan et al. 1992; Tso et al. 1992; Jauho and Smith 1993; Zheng and MacDonald 1993; Kamanev and Oreg 1995; . Nevertheless, the physical interpretation of the terms in equation (22) allows one to discuss qualitatively the temperature dependence of σ 21 . As the temperature is decreased, either the T -matrices remain convergent or one of the T -matrices develops a singularity at some critical temperature T c . I discuss both these cases below.
In the case of repulsive hard-sphere electrons, for example, as the temperature goes to zero the T -matrices do not exhibit any singularities. As mentioned previously, the T -matrices in equation (22) can be interpreted as the scattering amplitudes between carriers in the two different 2DEGs. In the limit where the temperature is zero, the phase space available for scattering goes to zero. Hence, if nothing dramatic occurs with the T -matrices, then the transconductivity must go to zero, as in the case of weak interlayer coupling. This conclusion is consistent with the recent findings of Yang and MacDonald (1999) , who state that the transconductance at zero temperature is a topological invariant; in other words, unless there is a phase transition to a state with qualitatively different interlayer correlations, the transconductance at T = 0 vanishes. If there is to be something different at T = 0, something dramatic must occur.
The T -matrix does not always converge. The best known case of this is the conventional superconducting transition, where the magnitude of T pp (P pp = 0) diverges as T → T + c . In the conventional superconductors, the divergence is caused by an effective attractive interaction mediated by phonons. A sufficiently strong phonon-mediated attractive interaction might occur in adjacent like-charged 2DEGs, as the phonon interaction in coupled two-dimensional quantum wells is fairly large (Bønsager et al. 1997) . Additionally, in coupled 2DEGs, a possibility exists which is not possible in bulk superconductors. Electrons and holes with individually adjustable Fermi wavevectors can exist in the different layers. When the Fermi wavevectors in the two layers coincide, it is possible that the attractive Coulomb interaction between the electrons and holes could lead to an exciton or a superfluid transition. This possibility has been actively studied theoretically (Zhu et al. 1995) although no experimental signature of this transition has ever been observed.
From inspection of equation (22), when either T pp or T ph develops a precursor of a singularity as the temperature T → T + c , the magnitude of σ 21 increases. An increasing σ 21 with decreasing T contrasts sharply with the standard weak-coupling result that σ(T ) always decreases as the temperature is lowered (simply because the amount of scattering phase space shrinks as the temperature goes down). An observation of an increase in σ 21 with decreasing T could be an indication that the coupled 2DEG system is heading towards a transition to an excitonic or superfluid state. In fact, such an observation has already been reported for composite fermion drag (Lilly et al. 1998) , but the experimental results are still controversial.
To conclude, in this paper I have described the formalism required to calculate the Maki-Thompson contribution in frictional drag of clean Fermi liquids. If the T -matrices remain finite for all temperatures (indicative of the absence of a phase transition), the transconductivity vanishes as the temperature goes to zero. When a T -matrix develops a singularity at a critical tempeture T c , the transconductivity increases as T → T + c , and hence the observation of an increasing transresistivity with decreasing temperature could be an indication that a transition to a new phase is imminent.
